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1. Introduction
Let G be an undirected simple graph with vertices v1, v2, . . . , vn. The adjacency
matrix A = A(G) = (aij) of G is the n × n symmetric matrix of 0’s and 1’s with
aij = 1 if and only if vi and vj are joined by an edge ofG. The eigenvalues of A(G) are
ordered as λ1(G) > λ2(G) > . . . > λn(G). Suppose the valence or degree of vertex
vi equals di for i = 1, 2, . . . , n, and let D = D(G) be the diagonal matrix whose
(i, i)-entry is di. The matrix L(G) = D(G) − A(G) is called the Laplacian matrix
of G. The matrix L(G) is positive semi-definite with row sum 0. Its eigenvalues are
denoted by 0 = µ1 6 µ2 6 . . . 6 µn. The eigenvalue µ2 is often called the algebraic
connectivity. µ2 = 0 if and only if the graph is disconnected.
A vertex cut of G is a subset V ′ of the vertex set V (G) such that G − V ′ is
disconnected. G is a t-tough graph (where t > 0 is a real number) if, for every vertex
cut S, the number of components of the graph G − S, denoted by C(G − S), is at
most |S|/t, that is, C(G − S) 6 |S|/t.
A Hamiltonian circuit in G is a circuit which contains every vertex of G. A graph
which contains a Hamiltonian circuit is called a Hamiltonian graph. A k-factor of G
This work is supported by NNSF of China (No. 10771080) and SRFDP of China
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is a k-regular spanning subgraph of G. Therefore, G is Hamiltonian if and only if G
has a connected 2-factor.
In this paper we concentrate on the case 0 < t 6 2.
The following simple but important theorem is due to V. Chvátal (see [3]).
Theorem 1.1 ([3]). Let G be a Hamiltonian graph, and let S be any non-empty
proper subset of the vertex-set V (G). Then
C(G − S) 6 |S|.
It follows from Theorem 1.1 that every Hamiltonian graph is 1-tough.
We can obtain the following lemma from Theorem 1.1.
Lemma 1.2. Let G be a simple graph. If there exists a non-empty subset of the
vertex-set V (G) such that C(G − S) > |S|, then G is not a Hamiltonian graph.
In [7], Jung proved the Chvátal conjecture (see [4]) as follows.
Theorem 1.3 ([7]). If G is 1-tough, then either G is Hamiltonian, or its comple-
ment G contains the graph G1 shown in Fig. 1 as a subgraph.
Fig. 1. G1
Combining Theorems 1.1 and 1.3, we obtain
Lemma 1.4. Let G be a simple graph whose complement G does not contain G1
as a subgraph. Then G is a Hamiltonian graph if and only if G is 1-tough.
It is known that 2-toughness is also related to some properties of graph theory.
The following theorem is one of them.
Theorem 1.5 ([5]). All 2-tough graphs have a 2-factor.
1080
In this paper, we will consider the existence of t-tough graphs in terms of eigen-
values of the Laplacian matrix L(G) and the adjacency matrix A(G). The first
theorem in this direction was given by Mohar (see Theorem 3.3 in [8]), but the
condition in [8] only holds for regular graphs and also involves some rather com-
plicated considerations. Later J.Vanden Heuvel ([9]) gave some results concerning
a necessary condition for Hamiltonian graphs in terms of eigenvalues of L(G) and
Q(G) = D(G) + A(G), while A. E.Brouwer derived lower bounds for toughness of a
graph in terms of its eigenvalues (see Theorem 0.1 in [1]). Up to now there exist no
more results that would show a relationship between t-tough graphs and eigenval-
ues of certain matrices associated with the graphs. In the sequel, we will give some
conditions which are simpler than the conditions in [8] for a graph to be t-tough in
terms of eigenvalues of L(G) and A(G).
2. Character of t-toughness in terms of eigenvalues of L(G)
To begin with, we want to obtain an algebraic condition for 2-tough graphs. In
order to do that, now we establish some lemmas.
An inequality for disconnected vertex sets in a graph will be used, which is due to
Haemers (see [6]). Two disjoint vertex sets A and B in a graph are disconnected if
there are no edges between A and B.
Lemma 2.2 ([6]). If A and B are disconnected vertex sets of a graph with n
vertices and Laplacian eigenvalues 0 = µ1 6 µ2 6 . . . 6 µn, then
|A| · |B|






Moreover, we have the following elementary lemmas.





k 6 2q − 1. Then for every integer l satisfying 0 6 l 6 k there exists a subset




Lemma 2.3. The function f(x) = (x − s − 1
2
)/(x + s − 1
2
) is an increasing func-
tion of x for x > 0, provided s > 1.
P r o o f. Differentiating f(x) we obtain f ′(x) = 2s/(x + s − 1)2 > 0. 
Similarly, we have
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Lemma 2.4. p(x) = x/(ns + x) is an increasing function of x for x > 0, provided
ns > 0.
Lemma 2.5. g(x) = 4sx/((6s − 2)x − 3s2 + 4s− 1) is an decreasing function of
x for x > 0, provided s > 1.
Now we shall prove our main results.
Theorem 2.6. Let G be a simple graph with n vertices and Laplacian eigenvalues
0 = µ1 6 µ2 6 . . . 6 µn. If µ2 >
2
3
µn, then G is 2-tough.
P r o o f. Assume that G is not 2-tough. By the definition of 2-toughness, there
exists a vertex cut S of G such that




Denote |S| by s. Then G−S has q > ⌊ 1
2
s⌋+1 components. Let xi be the cardinality
of the ith component, where i = 1, 2, . . . , q.
We consider the following two cases.






xi = n−s 6 2⌊
1
2
s⌋+1 6 2(q−1)+1 = 2q−1.
By Lemma 2.2, G has a pair of disconnected vertex setsA andB with |A| = ⌊ 1
2
(n−s)⌋
and |B| = ⌈ 1
2





















(n − s)2 − 1
(n + s)2 − 1
if n − s is odd.





(n − s)2 − 1
(n + s)2 − 1
.
Observing that ⌊ 1
2
s⌋ + s + 1 6 n 6 2⌊ 1
2
s⌋ + s + 1 and S is a vertex cut of G, we
have s > 2. Next, we prove the following inequality:
(n − s)2 − 1
(n + s)2 − 1
>
(
n − s − 1
2






(n − s)2 − 1
(n + s)2 − 1
−
(n − s − 1
2




[(n − s)2 − 1](n + s − 1
2
)2 − (n − s − 1
2
)2[(n + s)2 − 1]




s(2n2 − 5n + 2 − 2s2)






s⌋ + s + 1)2 − 5(⌊ 1
2
s⌋ + s + 1) + 2 − 2s2]






(s − 1) + s + 1)2 − 5(1
2
(s − 1) + s + 1) + 2 − 2s2]














(n − s)2 − 1
(n + s)2 − 1
>
(n − s − 1
2








n − s − 1
2
n + s − 1
2
.
Since S is non-empty and q > s + 1, n > ⌊ 1
2








































µn. This is contrary to the given condition.
Case 2: n > 2⌊ 1
2
s⌋ + s + 1. If s > 2, G has a pair of disconnected vertex sets A
and B such that






























s⌋(n − s − ⌊ 1
2
s⌋)
ns + ⌊ 1
2















2ns − 3s2 + 4s − 2n − 1
6ns − 3s2 + 4s − 2n − 1
= 1 −
4ns
6ns − 3s2 + 4s − 2n − 1
> 1 −
4s · 2s























If s = 1, then G also has a pair of disconnected vertex sets A′ and B′ such that
|A′| + |B′| = n − 1, min(|A′|, |B′|) > 1.
Then
|A′| · |B′| > 1 · (n − 1 − 1) = n − 2.






n + |A′| · |B′|
>
n − 2
























µn, which is also contrary to the given condition.
Consequently, we have proved that G is 2-tough. 
Example 1. Consider the graph G2 of order 6 in Fig. 2. G2 has Laplacian
eigenvalues µ2 = 4 and µ6 = 6. Note that µ2 >
2
3
µ6. By Theorem 2.6, G2 is 2-tough.
Fig. 2. G2
Similarly, we can prove the following results.
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Theorem 2.7. Let G be a simple graph with n vertices and Laplacian eigenvalues
0 = µ1 6 µ2 6 . . . 6 µn. For 1/k > 0, k ∈ Z
+, if µ2 > k/(k + 1)µn, then G is 1/k-
tough.
Corollary 2.8. LetG be a simple graph with n vertices and Laplacian eigenvalues
0 = µ1 6 µ2 6 . . . 6 µn. If µ2 >
1
2
µn, then G is 1-tough.
Example 2. The complete bipartite graphKn,n has Laplacian eigenvalues µ2 = n
and µn = 2n. This implies that 2µ2 > µn. By Corollary 2.8, Kn,n is 1-tough.
3. Character of 1-toughness in terms of eigenvalues of A(G)
In this section, we continue to investigate the condition of 1-toughness. For regular
graphs, the conditions obtained in the previous section are improved. First of all,
we establish the following lemmas.
Lemma 3.1 ([7]). The largest adjacency eigenvalue of a graph is bounded from
below by the average degree with equality if and only if the graph is regular.
Theorem 3.2. A connected k-regular graph on n vertices with adjacency eigen-


















P r o o f. Let G = (V, E) be a connected k-regular graph with |V | = n and not
1-tough. By the definition of 1-toughness, there exists a non-empty proper subset S
of V (G) such that
C(G − S) > |S|.
Denote |S| by s. Then G−S has q > s+1 components G1, G2, . . . , Gq. Let xi be the
cardinality of Gi, i = 1, 2, . . . , q, and let ti denote the number of edges in G between





ti 6 ks, s > 1.
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Hence ti < k for at least two values of i, say i = 1, 2. If not, say ti > k, i =




ti > (q − 1)k > sk (since q > s + 1).
It implies tq 6 0 from Inequality (3.1). This is contrary to ti > 1, i = 1, 2, . . . , q.
Moreover, since G is k-regular, we have xi > 1, where i = 1, 2.
Let li denote the largest adjacency eigenvalue of Gi and assume l1 > l2. The
eigenvalue interlacing (see for example in [6]) applied to the subgraph induced by
G1 ∪ G2 gives
(3.2) li 6 λi for i = 1, 2.
Consider G2 with x2 vertices and e2 edges. Then 2e2 = kx2 − t2 6 x2(x2 − 1). Since
t2 < k and x2 > 1,
kx2 − k < kx2 − t2 6 x2(x2 − 1).
Hence
(3.3) k < x2.











If k is even, then by 2e2 = kx2 − t2, t2 must be even and hence t2 6 k − 2. By
(3.3) and (3.4), d̄2 > k − (k − 2)/(k + 1) = k − 1 + 3/(k + 1).
If k is odd, then d̄2 > k − (k − 1)/(k + 1) = k − 1 + 2/(k + 1).
Note that t2 < k < x2, hence G2 cannot be regular. By Lemma 3.1 and (3.2), we
have
λ2 > l2 > d̄2.
This completes the proof. 
From the above it is clear that λ2 6 k − 1 implies 1-toughness of a k-regular
graph. Noting that µ2 = k − λ2, we can obtain the following corollary in terms of
the Laplacian matrix.
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Corollary 3.3. A regular graph with algebraic connectivity at least 1 is 1-tough.
In the proof of Theorem 3.2, we saw that ti < xi for i = 1, 2. Hence there exist
vertices u and v in G1 and G2 respectively which are not adjacent to a vertex of S.
Therefore the distance between u and v is at least 4. Hence we have
Corollary 3.4. A regular graph with diameter at most 3 is 1-tough.
Remark 1. For regular graphs, the condition of Theorem 3.2 is better than that




then λ2 6 k − 1 + 2/(k + 1).
P r o o f. Since G is a connected k-regular graph, we have
µ2 = k − λ2, µn = k − λn.
Then
























On the other hand,






















Then λ2 < k − 1 + 2/(k + 1). 
Example 3. There exist 1-tough regular graphs that satisfy the condition of
Theorem 3.2 but µ2 <
1
2




but 2µ2 = 2 × 2 < µ6 = 5.
Fig. 3. G3 Fig. 4. G4
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Remark 2. There exist 1-tough graphs that do not satisfy the condition of Corol-
lary 2.8. That is to say, the condition of Corollary 2.8 is not necessary. G4 of order 5
in Fig. 4 is an example, whose µ2 = 2, µ5 = 5.
Remark 3. There also exist 1-tough connected regular graphs that do not satisfy
the condition of Theorem 3.2. That is to say, the condition of Theorem 3.2 is not




Remark 4. There exist connected regular graphs with diameter 5 that are not
1-tough. G6 of order 10 in Fig. 6 is an example. In fact, if S = {v}, then C(G−S) =
2 > |S| = 1.
Finaly, we pose the following question.
Question. What is the smallest diameter which regular but not 1-tough graphs
are connected with?
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